A brief history of Riordan arrays

A Primer From antiquity to today
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The binomial theorem
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We recall that
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(a+0b)" = 1

(a+b)' = a+b

(a+b)? = a°+2ab+ b

(a+0)° = a°+3a’b+3ab® + 1’
(a +b)

= a* +4a°b + 6a%b® + 4ab® + v*



Blaise Pascal — France

1623 - 1662

oo oo o O

cCoOOoOo O~ ©
OO OO~ 0
cocoo—~<2g

cCo—=moo 9w

O = AN M < 10 O

™ o o o o

Pascal’s triangle
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= a° + 3a b—|— 3ab —|—b India: 6% century BC

= a* 4 4a°b + 6a°b® + 4ab’ + b*
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Binomial coefficients, as combinatorial quantities expressing the number of ways of selecting k
objects out of n without replacement, were of interest to the ancient Hindus. The earliest known
reference to this combinatorial problem is the Chandahs$astra by the Hindu lyricist Pingala (c. 200
B.C.), which contains a method for its solution.



The binomial theorem as such can be found in the work of 11th-century Persian
mathematician Al-Karaji, who described the triangular pattern of the binomial
coefficients. He also provided a mathematical proof of both the binomial theorem
and Pascal's triangle, using a primitive form of mathematical induction.

The Persian poet and mathematician Omar Khayyam (1048 — 1131) was probably
familiar with the formula to higher orders, although many of his mathematical

works are lost.
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The Moving Finger writes; and, having writ,
Moves on: nor all thy Piety nor Wit,
Shall lure it back to cancel half a Line,
Nor all thy Tears wash out a Word of it.
But helpless pieces in the game He plays,
Upon this chequer-board of Nights and Days,
He hither and thither moves, and checks... and slays,
Then one by one, back in the Closet lays.
And, as the Cock crew, those who stood before
The Tavern shouted— “Open then the Door!
You know how little time we have to stay,
And once departed, may return no more.”
A Book of Verses underneath the Bough,
A Jug of Wine, a Loaf of Bread—and Thou,
Beside me singing in the Wilderness,
And oh, Wilderness is Paradise enow.



\_

The Moving Finger writes; and, having writ,
Moves on: nor all thy Piety nor Wit,
Shall lure it back to cancel half a Line,
ord of it.
But helpless pieces in the game He plays,
Upon this chequer-board of Nights and Days,
He hither and thither moves, and checks... and slays, >

\

Then one by one, back in the Closet lays.
And, as the Cock crew, those who stood before

The Tavern shouted— “Open then the Door!
You know how little time we have to stay,

And once departed, may return no more.”
A Book of Verses underneath the Bough,

A Jug of Wine, a Loaf of Bread—and Thou,
Beside me singing in the Wilderness,

And oh, Wilderness is Paradise enow.



The binomial expansions of small degrees were known in the 13th century
mathematical works of Yang Hui and also Chu Shih-Chieh. Yang Hui attributes the
method to a much earlier 11th century text of Jia Xian, although those writings are
now also lost.
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Figurate numbers



Egypt: 3" century BC

Pythagoreans
Theon of Smyrna O+1+2+3+4+”.:n(n—|—1)
Nicomachus 2

2"d century AD
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Lattice paths
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Pascal's triangle overlaid on a
square grid gives the number
of distinct paths to each
square, assuming only
rightward and downward
movements are considered.




Defining patterns
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1 0 0 0 0
1 1 0 0 0
2 3 1 0 0
6 10 5 1 0
22 38 22 [ 1
90 158 98 38 9
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00 |'158 208 238

394 698 | 450 194
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2 1 0 0 0 O
2 2 1 0 0 O

2 2 2 1 0 O

2 2 2 2 1 0
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Generating functions




We carry out the long division of 1 by 1-x to get 1/(1-x)

l+or+a?+a3+---

1—x)l
1l —=x
x
T — x°
72
r? — 3
23
3 — x4
-

and so we can write

1
1l—=x

=l+a+a®+a°+at 4+



We have

=l4+z+22+28+2*+ - =1-2+1- 2"+ 122+ 12+ 12 -

1l —=x

and so we say that 1/(1-x) generates the sequence 1,1, 1,1, 1, .....

We use the following mathematical shorthand notation

1 =
l—zc:;x



In general, if we have

00
f(il?):Zanwn:a0+a1x+a2$2+a3$3+...

n=0

then we say that f(x) generates the sequence a_ and that f{x) is the generating function of a,



What is the generating function of the sequence 1, 2, 3, 4,5, .... ?



What is the generating function of the sequence 1, 2, 3, 4,5, .... ?

We carry out the long division of 1/(1-x) by 1-x. Remember that we can write

=l+z+2*+2°+2*+ - =1-2+1- 2"+ 122+ 12+ 12 + -+

1l —=x



1+ 22 4+ 32° 4+ 423 4 - - -
l—al+z4+x2+234---

1l —=x
2x +x* + - - -
2x — 22
3x2 a3+ -
322 — 327
4o+t + -
43 — 4zt

Sot +a° + - -

with answer given by
1+ 22 + 322 +42° + 5zt 4 -+ .

Thus we get the generating function

’ — 14922 +322 4+ 423 1524 1+ ...

L
(1—2)



1 + 32 + 622 4+ 102° + - - -
1 —a + 2z + 3x? +4x3 + - -

1l —=x
3x+3x%+---
3x — 3z2
622 + 425 + - -
622 — 623
1023 + 5a* + - - -
1023 — 1024

152* + 62° + - - -

Thus we get the generating function

—1+3x+622+102° + 152% + - -

(1—x)?



= l4+z+22+z8+2* +2°+ -

1l —=x

(137 )2 = 24222+ 32 +42* + 52 + - -
—x

72

Tap = 22 + 323 4+ 62* +102° + - - -
—x

23

¥ i = 2% + 42" +102° + - -

—x

Now note that

ﬁ20+1x+2x2+3x2+4x3+---
—x

2



The first column of Pacal’s triangle is defined by ﬁ

The second column is generated by

1 x T

l—zl—2 (1—2x)%

The third column is generated by
1 T 2 B 2
l—2z\1—-2/) (1—-2x)3

The fourth column is generated by

1 x 3_ r?
l—axz\1—2/) (1—-x)%
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Let g(z) = —— and f(z) = —%. The first column is generated by g(x).

l—x 1—x
The second column is generated by

g9(z)f(z).

The third column is generated by

g(z) f(2)*

The fourth column is generated by

g(z) f(z)’



A Riordan array R is defined by two power series

= Zgna’:” and f(x Z fnx"
n=0

such that the k-th column of R is generated by

g(x)f(x)"



We denote the Riordan array defined by g(z) and f(x) by (g(z), f(x)).

Thus Pascal’s triangle is represented by

1 T
l1—z'1—x
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Abstract

Shapiro, LW, 5. Getu, W.-J. Woan and L.C, Woodson. The Riordan group, Discrete Applied
Mathematics 34 (1991) 229234,

Introduction

The central concept in this article is a group which we call the Riordan group.
With the recent death of John Riordan this seems appropriate to name after him.
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COMBINATORIAL
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John Riordan 1903 - 1988

John Riordan
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In respease to some recent questions of L.W. Shapiro, we develop a theory of triangular
arrays, called remewal arrays, which have arithmetic properties similar to those of Pascal's
triangle. The Lagrange inversion formula has an important place in this theory and there is a
close relation between it and the theory of renewal sequences. By way of illustration, we give
several examples of renewal arrays of combinatorial interest, inclrding complete generalizations
of the familiar Pascal triangle and sequence of Catalan numbers

1. Introduction

The binumial coefficients are as fundamental in combinatonal theory as they



The set of Riordan arrays is a group. The identity is (1, x).

You can multiply Riordan arrays to get Riordan arrays. You can “divide” a
Riordan array by a Riordan array to get a Riordan array.




Here, f(x) is the reversion of the power series f(x).
It is the solution to the equation

flu) ==

such that u(0) = 0.
Let us find the reversion of ﬁ We must solve

This gives us
U= —TU— U+ U =X

Thus u(z) = f(z) = T



We find that the inverse of Pascal’s triangle, as a Riordan array, is given by

1 T _1_ 1 T
1—z2'1—=x C\1l+z2' 142z

1 0 0 0 0 00\‘1 (1 0 0 0 0
110 0 0 0 0 1 1 0 0 0
12 1 0 0 00 1 -2 1 0 0
133 1 0 00 _ -1 3 -3 1 0
14 6 4 1 00 1 -4 6 -4 1
15 10 10 5 1 0 ~1 5 —10 10 -5
1 6 15 20 15 6 1 \ 1 -6 15 -20 15
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THE ON-LINE ENCYCLOPEDIA
OF INTEGER SEQUENCES®

founded in 1964 by N. J. A. Sloane

11,1,2,5,14,42 | Search | s
(Greetings from The On-Line Encyclopedia of Integer Sequences!)

Search: seq:1,1,2.5,14,42

Displaying 1-10 of 44 results found. page123453
Sort: relevance | references | pumber | modified | created  Format: long | short | data
A000108 Catalan numbers: C(n) = binomial(2n.n)/(n+1) = (2n)!/(n!(n+1)!). Also called Segner numbers. ey

(Formerly M1459 N0577)
1,1, 2,5, 14, 42, 132, 429, 1438, 4882, 16796, SBYRE, 208012, 742008, 2674446, 9504845,
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, Hamilton’s Icosian Game
New York Times blog By GARY ANTONICK OCTOBER 5, 2014 1200 P W 17

https://wordplay.blogs.n
ytimes.com/2014/10/06

/icosian/?_r=0

Mentions:

John Riordan
Neil Sloane

W. R. Hamilton
&

Padraig Kirwan
Kieran Murphy

The River Liffev in Dublin, Iifelang home of William Rowan Hamilton, Ireland’s greatest mathematician.
vl 2 4 I I

This week’s puzzle was suggested by Padraig Kirwan, a

professor of mathematics at Ireland’s Waterford

PLAY Institute of Technology. to commemorate an act of
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